INTRODUCTION
Hankel operators on the unit disc have been studied extensively; see [Pel] for a systematic treatment. One of the main topics is to study Schatten-von Neumann properties of Hankel operators; see [Pel] and [Pe2] . In [JP] Janson and Peetre introduced Hankel forms of higher weights on the unit disc. Their Schatten-von Neumann properties were studied in [Ro] and [Z] .
In [P1] Peetre introduced Hankel forms of higher weights on the unit ball in Cd.
Their Schatten-von Neumann, Sp, properties were studied in [Su] for 2 < p < oo. See also [FR] for a different approach.
The results for 2 < p < oo in [Su] were proved by using interpolation between S2 and SO, (bounded operators) and boundedness of certain matrix-valued Bergman projections, but the case of 1 < p < 2 was left open there.
In this paper we extend the results in [Su] to 1 < p < oo. For this purpose we study the atomic decomposition for some Besov spaces of vector-valued holomorphic functions, see Section 4, which then gives Si properties. Our results follow by interpolation, and we get a full characterization for 1 < p < oo. Some of the proofs in this paper are based on techniques used in [Su] and will therefore be given briefly.
The reader is referred to that article for more details.
The paper is organized as follows. In section 2 we recall briefly some notation and we prove Theorem 2.1, generalizing the result for p = 2 in [Su] . Section 3 is devoted to duality relations for the spaces of symbols. In Section 4 we give an atomic decomposition for a certain space of symbols, which will be used in Section 5 to prove the S, criterion.
2. PRELIMINARIES 2.1. The Banach space 'HP, for 1 < p < oo. Let dm denote the Lebesgue measure on the unit ball lB C Cd and let dt(z) be the measure (1 -z12)-d-ldm(z). For d < v < oo let dtb(z) be the measure c1(1 _ -z12)vdt(z), where c,, is chosen such that jdt,(z) 1.
The closed subspace of all holomiorphic functions in L2(dt,) is denoted by L2 (dt,) and is called a weighted Bergman space. Note that the space L2(dt,) has a repro ducing kernel K,(w) = (1 -(w, z)) ', that is,
Denote by B(z, w) the Bergman operator on V = Cd as in [L] , namely (2.2) B(z, w) = (1 -(z, w))(I -z 0 w*), where z 0 w* stands for the rank one operator given by (z 0 w*)(v) = (v, w)z. The Bergman metric at z E B, when we identify the tangent space with V, is Define the complex Jacobian Jg by Jg(w) = det(g'(w)). Now, let zo E B. Then by arguments in Remark 3.1 in [Su] it follows that there is a constant c with Icl = 1 such that
The next theorem gives the reproducing properties for 'PVS Theorem 2.1. Let 1 < p < oc. There is a nonzero constant c such that, for any G 'EHP, and any v E GsV'
The proof of this theorem is given at the end of this subsection.
Remark 2.2. Consider H2 C c L2 ,. According to Lemma 3.5 in [Su] the orthogonal projection operator PV,S of L2,5 onto 72(s, is given by (2.7) Pv,,G(z) = c (1 -wW2)2vKv,(z, w) ?' Bt(w, w)G(w) dt(w) .
Namely, for any G e L2 and any v C O'V' it follows that
The orthogonal projection operator has the following boundedness property. Proposition 2.3. If 1 < p < oo, then P>,8 LP5 -? HP, is bounded.
Proof. The case 1 < p < oo is just Corollary 7.4 in [Su] . Now, consider the case p = 1. Let F E Ll,8. Then it follows from Theorem 2.1 above and Lemma 7.1 in [Su] that |gsBt(z, Z)1/2P S,F(z) < Cs j T(z, w) |sBt(w, w)1/2F(w) (1 -w12)2v di(w), where
Thus, by Fubini-Tonelli's theorem and Proposition 1.4.10 in [Ru] it follows that IPv,sFIlv,s,l ? Cs j OsBt(w w)1"2F(w) (1 _ Iw12)2,
Note that it is proved in [Su] , using the complex interpolation method of Banach spaces, that 7'P, = (R2s, v s)[l2/P] if 2 < p < oo; see Theorem 8.2 in [Su] .
However, Proposition 2.3 allows us to use the same proof as in [Su] Proof. Let Tz = (1 -zj2)vK>,8(.,z) Os Bt(z,z)1/2. By Proposition 2.5 and by Lemma 7.1 in [Su] it follows that IITZvV,S1l < Csllvll and IlTzvlls7,o < Csllvll First we need a lemma, which actually is a consequence of Theorem 4.1 in [Su] , but we give an independent and easier proof. 
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Thus by Holder's inequality and Lemma 2.8 it follows that I |sBt(z, z)1/20kf(z) 0 as-kg(z) (1_ 1z2)' dt(z) K Ci|f || ,kg9t||v,s-k < Cs||f ||v19g||v.
The Hankel bilinear form HF on L2 (dtv) (0 L2 (dt1) is defined by (2.11) HS(f,g) = J (09Bt(z,z)T8(f,g)(z),F(z)) dt2v (z) where F: B -* oWV' is holomorphic. We call F the symbol of the corresponding Hankel form. We remark that HF (f,g) = Jf(z)9(z)F(z) dt2, (Z) This is the classical Hankel form studied in [JPR] .
With the form Hp one can associate the operator As defined by HF (f, g) = (f, A'9g), as in [JPR] . Notice that As is an anti-linear operator on L2(dt.). To get a linear operator one combines A' with a conjugation, i.e., one instead considers the op erator AF: g -AFg. We say that HF is of Schatten-von Neumann class SP, for O < p K 0o, if and only if AF: L2 (dt,) -L2(dt) is of class SP.
DUALITY OF XPV'S
In this section we determine the dual space (HP,,,)* of HPN, 1 < p < oo. is bounded, where aj = a(zj) and the support of a is {zj}j1 l. We need to prove that T is onto. Consider T* -> (11(, OsVI))* T*(1?)(a) =-'(Ta), which is bounded, where 1 E (7Hj,,)* and a E 11 (TB, OsV'). By Theorem 3.2, for any ) E (H1) * there is a G E 7v(0 such that ??(F) = (F, G)V S,2 for all F E 'Hl with CHjGjV ,S,00 < 114DI| < | ?Gjjv,s,OO . Now, let a E 11 (TB, 08V') with support {zj}lj1 C B. By the reproducing property in Theorem 2.1 it follows that 00 T*(J?)(a) = 4'1(Ta) = (Ta, G)V,S,2 = cZ(aj, (1 -Izj12)1 0 Bt(zj, zj)G(zj)) . 
TRACE CLASS SI
We consider now the trace class property of Hp in (2.11).
Theorem 5.1. The Hankel form Hp is of trace class S1 if and only if F E XH'
Combining the results in [Su] we have now a complete characterization of the Schatten-von Neumann class Hankel forms.
Theorem 5.2. The Hankel form Hp is of Schatten-von Neumann class Sp if and only if F E -P(Xs, 1 < p < 00.
Proof of Theorem 5.2. It follows from Lemma 5.5 below and Theorem 1.1(a) in [Su] that the operator F: F -+ Hp is bounded from X1 , into Si and from Xv into S00, respectively. Since SP = (SI, SOO) [1-1/p] if 1 < p < oo, then it follows by Riesz Thorin's interpolation theorem and Corollary 2.4 that F is bounded from HP, into Sp if 1 < p < x.
On the other hand, it follows from Lemma 5.6 below and Theorem 1.1(a) in [Su] that 'T, defined in (5.2), is bounded from S, into 'X1 and from Sc0 into IiH, respectively. Again, by interpolation fT is bounded from Sp into 'P,, if 1 < p < 00.
